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Abstract. Any attempt to develop a numerical linear algebra library superior to the standard
library such as LAPACK has dropped off for long time in Japan. Recently a new singular value
decomposition (SVD) algorithm named I-SVD and its code have been developed in Japan. Here
SVD is one of the most basic mathematical tools in information processin$g$ such as data search,
signal separation and image compression. The I-SVD algorithm consists of two parts. One
is a new stable bidiagonal singular value computing algorithm named the mdLVs. The other
is a singular vector computation by a new twisted factorization of dLV-type. The I-SVD is a
new $O(N^{2})$ algorithm for SVD and has a good orthogonality of singular vectors. In this report




. . I-SVD (Integrable SVD)
[17], , I-SVD DBDSLV [23]. DBDSLV O( ) ,
LAPACK DBDSQR $O(N^{3})$ , DBDSDC $O(N^{2})\sim O(N^{3})$
.
I-SVD mdLVs(modified dLV with shift) [13] , dLV
[15] , 2
, .
. I-SVD , mdLVs ,
dLV . , $N\cross N$ 2
$O(N^{2})$ . ,
. ,
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2
, (SVD) . $A\in R^{nXm}$
, $A^{T}A$ , , . $A^{T}A$ $\lambda_{j}$
$\sigma_{j}$




$r:= rankA\leq\min\{m, n\}$ . 1 $u_{j},$ $v_{J}$
$U:=(u_{1}, \ldots,u_{r}),$ $V:=(v_{1}, \ldots, v_{f})$ , $\Sigma:=diag(\sigma_{1}, \ldots, \sigma_{r})$ $A$
$A=U\Sigma V^{T}$ (1)
[8]. (1) $A$ , $U,$ $V$ , ,
, . rankA $=m=n$ $U,$ $V$ .
rankA $=2=m,$ $n=4$ .
$A$ $=$ $U\Sigma V^{T}$
$A$ $=$ $(\begin{array}{ll}\sqrt{2} 2\sqrt{2}-2\sqrt{2} -\sqrt{2}-2\sqrt{2} -\sqrt{2}\sqrt{2} 2\sqrt{2}\end{array})$ , $\Sigma=(\begin{array}{ll}6 00 2\end{array})$ ,
$U$ $=$ $(\begin{array}{ll}l/2 -l/2-1/2 -1/2-1/2 -1/21/2 -l/2\end{array})$ , $V=(\begin{array}{ll}l/\sqrt{2} 1/\sqrt{2}l/\sqrt{2} -1/\sqrt{2}\end{array})$
. , 1965 Golub-Kahan
[8]. Golub-Kahan , $QR$
.
(i) Golub-Kahan , , $QR$ , Householder
$A$ 2 $B$ .
$U_{H}^{T}AV_{H}=(\begin{array}{l}BO\end{array})$ , $B=(\begin{array}{llll}b_{1} b_{2} b_{3} \ddots \ddots b_{2m-2}0 b_{2m-1}\end{array})$ (2)
, $U_{H},$ $V_{H}$ $A$ . diag$(\pm 1, \ldots, \pm 1)$
$V_{H}$ $B$ $b_{2k-1}$ . 2
. , $2m^{3}/3+O(m^{2})flops$
[2]. , floPs . ,





[26]. $sgn(b_{2k})b_{2k}$ $B$ ,
$b_{2k}>0$ . , . rankA $=m$
$A$ .
(ii) 3 $B^{T}B=V_{H}^{T}A^{T}$ AV $QR$
. , $B^{T}B=QR$ $QR$ , , Gram-Schmidt ,
$B^{T}Barrow Q^{T}B^{T}BQ$
$(QQ’Q”\cdots)^{T}B^{T}BQQ’Q’’\cdots=;\Sigma^{2}$
. $Q,$ $q,$ $\ldots$ $m$ . $R$ 3 .
(iii) $V_{0}=V_{H}QQ’Q’’\cdots$ . $AV0$







$B^{T}Barrow B^{\prime T}B’=B^{T}B-\theta^{2}I$ ,
$\theta^{2}$ , $I$ $m$ .
Golub-Kahan Demmel-Kahan (1990, [2, 3]) . Demmel-
Kahan (n) , $m$ 3 $B^{T}B$ 3 2
, . $QR$ , . 1
$6mflops$ . $6m^{2}flops$ [2],
(i), (iii) .
, ,
$B^{T}B$ , . Demmel-Kahan Wilkinson
,
, Demmel Kahan 1991 SIAM $SIAG/LA$
. Demmel-Kahan $LAPACK[16]$ DBDSQR $z$ - ,
MATLAB, Mathematica . $QR$
3 [25]. .
(ii) $QR$ $QQ’\cdots$ (iii)
. , (ii) (iii) , $(\ddot{u})$ , $QQ’\cdots$
. 1 $O(m^{3})$
. , , (iii) \langle , Demmel-Kahan 2








[24, 10, 11, 12], $mdLV_{8}$ [13] .
, dLV [15] ,
$O(m^{2})$ 2 I-SVD [17]. , mdLVs
DLVS $[21, 22]$ , I-SVD DBDSLV
[23] .
3mdLVs dLV








, dLV . mdLVs
. . ,
, .
, , dLV ,
. . ,
mdLVs . Demmel-Kahan $QR$
. mdLVs .
Demmel-Kahan . , mdLVs 3
. .
dLV .
$u_{k}^{(n)}$ [17] . $k=1,2,$ $\ldots,$ $2m-1$ $u_{k}^{(0)}$ ,
$n=0,1,$ $\ldots$ $\delta^{\langle n)}$ ,
$u_{k}^{(n+1)}(1+\delta^{\langle n+1)}u_{k-1}^{(n+1)})=u_{k}^{(n)}(1+\delta^{\langle n)}u_{k+1}^{(n)})$ ,
$u_{0}^{\langle n)}\equiv 0$ , $u_{2m}^{(n)}\equiv 0$ , $0<\delta^{(n)}<M$ (3)
$u_{k}^{(\mathfrak{n})}$ . $\delta^{\langle \mathfrak{n})}\equiv 1$ . $u_{k}^{\langle \mathfrak{n})}$ $t= \sum_{J=0}^{n-1}\delta^{(j)}$
$u_{k}$ , $t$ $\delta^{(n+1)}/\delta^{\langle n)}arrow 1$ $\delta^{(\mathfrak{n})}arrow+0$
, (3) $u_{k}=u_{k}(t)$
$\frac{du_{k}}{dt}=u_{k}(u_{k+1}-u_{k-1})$ , $u0=0,$ $u_{2n}=0$ (4)
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. (4) Lotka-Volterra(LV) .
, .
, (3) $\delta^{(n)}$ Lotka-Volterra(discrete LV, $dLV$) .
$\delta^{(n)}\neq 0$ $[9, 20]$ , $u_{k}^{\langle n)}$
$\delta^{(n)}>0$ . LV
M. Chu[l] . $u_{k}(0)=b_{k}>0$ , $tarrow\infty$
$\lim_{tarrow\infty}u_{2k-1}(t)=\sigma_{k^{2}}>0$ , $\lim_{\iotaarrow\infty}u_{2k}(t)=0$ (5)
. , $\sigma_{k}$ $B$ . LV
, $\sigma_{k^{2}}$ ,
,
. M. Chu .
(3) . , $u_{k}^{(0)}$









$J_{k}^{(\mathfrak{n})}$ $:= \frac{1}{\delta^{(n)}}(1+\delta^{(n)}u_{2k-2}^{(n)})(1+\delta^{(n)}u_{2k-1}^{(n)})$ ,
$V_{k}^{\langle \mathfrak{n})}$ $:=\delta^{\langle n)}u_{2k-1}^{(n)}u_{2k}^{(n)}$ (7)
. w-k(
$\overline{w}_{k}^{\langle n)}$ $:=u_{k}^{(n)}(1+\delta^{\langle n)}u_{k-1}^{(n)})$ (8)
. $u_{k}^{\langle 0)}>0,$ $(k=1,2, \ldots 2m-1)$ , $\delta^{\langle n)}>0$ $\overline{w}_{k}^{\langle n)}>0$ .
, 3





. , dLV (6) $Y^{(n)}$ , $Y^{\langle n+1)}=R^{(n)}Y^{\langle n)}(R^{(\mathfrak{n})})^{-1}$
. $\overline{w}_{k}^{\langle n)}>0$








\langle . $\det(A^{(n)})=\prod_{j=1}^{m}\overline{w}_{2j-1}^{(n)}$ . .
1. $\tilde{R}^{(n)}$ $:=(D^{(n+1)})^{-1}R^{(\mathfrak{n})}D^{(n)}$ . $dLV$ ( $S$ $A^{(n)}$
$A^{(\mathfrak{n}+1)}=\tilde{R}^{(n)}A^{(n)}(\tilde{R}^{(n)})^{-1}$ (9)
, $A^{(n)}$ dLV $n\Rightarrow n+1$ .
1 , $A^{(n)}$ $\delta^{(n)}$ , $\overline{w}_{k}^{\langle 0)}=u_{k}^{\{0)}(1+\delta^{\langle 0)}u_{k-1}^{\langle 0)})$
. $A^{\langle \mathfrak{n})}$ Cholesky
$A^{(\mathfrak{n})}=(B^{(n)})^{T}B^{(n)}$ ,




. $B^{\langle n)}$ $A^{(n)}$ , $B^{\langle n)}$ dLV
. , dLV 2 $B$
, $u_{k}^{(0)}$ $\sqrt{\overline{w}_{k}^{\langle 0)}}=b_{k}$ , ,
$u_{0}^{(0)}=0$ , $u_{2m}^{\langle 0)}=0$ , $u_{k}^{(0)}= \frac{b_{k^{2}}}{1+\delta^{(0)}u_{k-1}^{(0)}}$ (11)
. $b_{k}>0$ $A^{(0)}$ , $B^{\langle 0)}$
.
, dLV $B$ . $trace(A^{\langle n)})=trace(A^{(0)})$ ,
$\overline{w}_{k}^{(n)}$
$\sum_{k=1}^{2m-1}\overline{w}_{k}^{(n)}=\sum_{k=1}^{m}\sigma_{k^{2}}$ (12)
. $u_{k}^{(0)}>0$ $u_{k}^{\langle n)}>0$ , $\overline{w}_{k}^{\langle n)}$ $0<\overline{w}_{k}^{(n)}$ .
, (12) $k\langle n$) . $u_{k}^{\langle n)}$ , $M_{1}$
$0<u_{k}^{(n)}<M_{1)}(k=1,2, \cdots 2m-1)$ . $u_{k}^{\langle \mathfrak{n})},$ $(n=0,1, \ldots)$
[11].
141
2. dLV ($\ovalbox{\tt\small REJECT}$ (11) . 2 $B$ $k$
$\sigma_{k}$ , $k=1,$ $\ldots,m$
$\lim_{narrow\infty}u_{2k-1}^{(n)}=\sigma_{k^{2}}$ , $\lim_{narrow\infty}u_{2k}^{(n)}=0$ (13)
. , dLV $u_{2k-1}^{(n)}$ , $\delta^{(n)}$ , $narrow\infty$ , $\sigma_{k^{2}}$
.
. , dLV , 2





$R_{1}$ $:= \max_{k}\frac{\sigma_{k+1^{2}}+1/\delta^{(\mathfrak{n}+1)}}{\sigma_{k^{2}}+1/\delta^{\langle n)}}$ (14)




. dLV (8) $\overline{w}_{k}^{\langle n)}$ $w_{k}^{\{n)}$ $:=u_{k}^{\langle n-1)}(1+$
$\delta^{\langle n-1)}u_{k+1}^{\langle n-1)})$ $\overline{w}_{k}^{(n)}=w_{k}^{(n)}$ . $\theta^{(n)2}$
$\phi_{1;\theta(n)}^{(\mathfrak{n})}$ : $(w_{2k-2}^{(n)}+w_{2k-1}^{(n)}-\theta^{\langle n)^{2}},w_{2k-1}^{(n)}w_{2k}^{(n)})rightarrow(\overline{w}_{2k-2}^{(n)}+\overline{w}_{2k-1}^{\langle \mathfrak{n})},\overline{w}_{2k-1}^{(\mathfrak{n})}\overline{w}_{2k}^{(n)})$ (15)
. $\theta^{(n)2}=0$ . , $w_{k}^{(n+1)}$ 2




. $\theta^{\langle n)2}$ , $\overline{w}_{k}^{(n)}>0$ .
$mdLV_{8}$ [13].
3. $w_{k}^{(n)}>0$ , $(k=1,2, \ldots , 2m-1)$ 6. $\sim\vee$ , $\overline{w}_{k}^{\langle n)}>0,$ $(k=1,2, . ,2m-1)$
, $\theta^{\langle n)^{2}}$
$\theta^{(n)^{2}}<\sigma_{m}^{2}(B^{(n)})$ (16)
. , $\sigma_{m}(B^{(n)})$ $B^{(\mathfrak{n})}$ .
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Thble 1: (sec.)
10, 000 $x10$ ,000
DBDSQR mdLVs
$B_{randam}$ 19.48 2.801
Fig. 1. DBDSQR, $dLV,$ $mdLVs$
$(m=1OO)$
$\theta^{(n)^{2}}<\sigma_{m}^{2}(B^{(n)})$ $\overline{w}_{2k-1}^{(n)}>0$ , ,





mdLVs . $[13, 17]$ .
mdLVs .
thble 1 , Demmel-Kahan LAPACK DBDSQR
. . mdLVs $\delta^{(n)}=1$
. 10, 000 2 100 ( ) .
$\vee$ , Newton .
Fig. 1 , 100 $x$ 100 , 100
($x$- ) ( ) . dLV ( )





$m$ 2 $B$ mdLVs
$B$ $\hat{\sigma}_{j}$ .
$v_{J}$ ,
$u_{j}$ dLV [17]. $v_{j}$ 1
$(B^{T}B-\hat{\sigma}_{j^{2}}I)v_{j}=0$ (18)
$v_{j}=(v_{j}(1),v_{j}(2),$ $\ldots v_{j}(m))^{T}$ . $U=BV\Sigma^{-1}$
. $(BB^{T}-\hat{\sigma}_{j^{2}}I)u_{j}=0$ .
mdLVs , . , $v_{f}$




$B^{T}B-\theta_{j^{2}}I$ , 1 (19)
. . $B^{T}B-\theta_{j^{2}}I$ . $Cj$
.
3 ( , 3 ) .
Cholesky . 3
Cholesky , Gauss
[26]. $B^{T}B-\hat{\sigma}_{j^{2}}I$ 2 $Chole8ky$ .
, 2 $((k, k)$ $(k, k+1)$ 3 )
2 $((k, k)$ $(k+1, k)$ 3 )
$B^{T}B-\hat{\sigma}_{J^{2}}I=\{\begin{array}{l}(B^{+})^{T}B^{+}(B^{-})^{T}B^{-}\end{array}$ (20)
$B^{+}:=(\begin{array}{llll}b_{1}^{+} b_{2}^{+} b_{3}^{+} \ddots \ddots b_{2m-2}^{+}0 b_{2m-1}^{+}\end{array})$ , $B^{-}:=(\begin{array}{llll}b_{1}^{-} 0b_{2}^{-} b_{3}^{-} \ddots \ddots b_{2m-2}^{-} b_{2m-1}^{-}\end{array})$ (21)
. (20) 2 $Chole8ky$ . $\hat{\sigma}_{j^{2}}$ $B^{T}B$
$B^{T}B-\theta_{j^{2}}I$ . $B^{\pm}$ ,
2 Cholesky (20) .





$B^{T}B-( \frac{1}{\delta^{\langle 0)}}-\frac{1}{\delta^{(1)}})I=(B^{+})^{T}B^{+}$ (23)
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3 .
$B^{T}B- \frac{1}{\delta^{(0)}}I=(\mathcal{W}^{(0)})^{T}\mathcal{W}^{(0)}$ , (24)
$(\mathcal{W}^{\langle 0)})^{T}\mathcal{W}^{(0)}=(\mathcal{W}^{(1)})^{T}\mathcal{W}^{(1)}$ , (25)
$( \mathcal{W}^{(1)})^{T}\mathcal{W}^{(1)}+\frac{1}{\delta^{(1)}}I=(B^{+})^{T}B^{+}$, (26)
$\mathcal{W}^{(\ell)};=(\begin{array}{llll}\mathcal{W}_{1}^{(\ell)} \mathcal{W}_{2}^{(\ell)} \mathcal{W}_{3}^{(\ell)} \ddots \ddots \mathcal{W}_{2m-2}^{\langle\ell)}0 \mathcal{W}_{2m-1}^{\langle\ell)}\end{array})$ , (27)
$\mathcal{W}_{k}^{\langle\ell)};=\sqrt{u_{k}^{(\ell)}(1+\delta^{(\ell)}u_{k-1}^{(\ell)})}$, $P=0,1$ . (28)
$\delta^{(0)}$
$B^{T}B-\urcorner\delta\varpi^{I}1$ , Cholesky (24)
, , $\mathcal{W}_{k}^{(\ell)}$ . 1 (24)
$b_{2k-1}^{2}= \frac{1}{\delta t^{0)}}(1+\delta^{(0)}u_{2k-2}^{(0)})(1+\delta^{(0)}u_{2k-1}^{\langle 0)})$ ,
$b_{2k}^{2}=\delta^{(0)}u_{2k-1}^{\langle 0)}u_{2k}^{(0)}$ (29)
. $\delta^{\langle 0)}$ $B$ , , $B^{T}B$
. , $B^{T}B$ $\sigma_{m}^{2}$ ,
$\delta^{\langle 0)}>1/\overline{\sigma}_{m}^{2}$ , $u_{0}^{\langle 0)}\equiv 0$ , $u_{k}^{\langle 0)}$
. $B^{T}B-1/\delta^{(0)}I\uparrowh$ , ( ) $Chole8ky$
(24) .
2 (25)
$u_{k}^{(0)}(1+\delta^{(0)}u_{k-1}^{(0)})=u_{k}^{\langle 1)}(1+\delta^{(1)}u_{k-1}^{\langle 1)})$ (30)
. $\delta^{(1)}$ (22) $\delta^{(0)}$ $\delta^{(1)}=\delta^{(0)}/(1-\delta^{(0)}\theta_{k^{2}})<0$
. (30) dLV (3) . $\delta^{(0)}=\delta^{(1)}$
, $u_{k}^{(0)}=u_{k}^{(1)}$ Lotb-Volterra(stdLV) [15].
$\delta^{(0)}\neq\delta^{(1)}$ , $u_{k}^{(0)}\neq u_{k}^{(1)}$ .
3 (26) stLV 2 .
$\frac{1}{\delta^{(1)}}(1+\delta^{\langle 1)}u_{2k-2}^{(1)})(1+\delta^{\langle 1)}u_{2k-1}^{\{1)})=b_{2k-1}^{+2}$,
$\delta^{(1)}u_{2k-1}^{(1)}u_{2k}^{(1)}=b_{2k}^{+2}$ , (31)
$B^{T}B-1/\delta^{(0)}I=B^{T}B-\theta_{j^{2}}I-1/\delta^{(1)}I$ , (24) $B^{T}B-\theta_{j^{2}}I$
. $\delta^{(0)}$ , Cholesky
. , (25), (26) 3 Cholesky $\mathcal{W}^{(0)}$
3 $B^{T}B-\hat{\sigma}_{j^{2}}I$ Cholesky $B^{+}$ . ,
Cholesky $B^{T}B-\theta_{j^{2}}I=(B^{-})^{T}B^{-}$ rdLV .
2 Cholesky (20) . $8tdLV$ rdLV dLV
. $\delta^{(0)}$ ,
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, , , dLV 2
Cholesky [15]. , 2006 SIAM $SIAG/LA$
Parlett Dhillon 2 Cholesky [18] [4] , dLV
$\delta^{(0)},$ $\delta^{(\pm 1)}$ ,
. , ,
, . , Wilkinson
3 [6]. ,
3 , Parlett Dhillon , Cholesky
[15].
, 2 Cholesky (20) . ,
Parlett Dhillon [18] , 1 $(B^{T}B-\theta_{j^{2}}I)v_{j}=$
$c_{j}$
$c_{j}=\gamma_{j,\rho^{G}\rho}$ , $e_{\rho}$ $:=(0, \ldots,0,1,0, \ldots 0)^{T}$
$\gamma_{j,k}=b_{2k-1}^{+2}+b_{2k-1}^{-2}-(b_{2k-2^{2}}+b_{2k-1^{2}}-\theta_{j^{2}})\neq 0$
. $e_{\rho}$ $I$ $\rho$ . $\rho$ $|\gamma_{f,k}|$
$k$ . 2 Cholesky
$N(k)=\{\begin{array}{ll}\frac{b_{2k}^{+}}{b_{2k-1}^{+}} (k=1,2, \ldots,\rho-1),\frac{b_{2k}^{-}}{b_{2k+1}^{-}’} (k=\rho,\rho+1, \ldots,m-1),\end{array}$ (32)
$D^{+}(k)=b_{2k-1^{2}}^{+}$ , $(k=1,2, \ldots,\rho-1)$ , (33)
$D^{-}(k)=b_{2k-1}^{-2}$ , $(k=\rho+1,\rho+2, \ldots,m)$ (34)
. $b_{2k}^{\pm}$ $b_{2k\mp 1}^{\pm}$ $b_{2k}^{\pm}$ $b_{2k1}^{\pm}\mp$ . ,














. $B^{T}B-\theta_{j^{2}}I$ . $N_{\rho}$ $\rho$ 2 $m-\rho+1$
2 $(\rho,\rho)$ . $N(k)$ $\rho$
$N_{\rho}$ . Cholesky 2
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Thble 2: DBDSQR I-SVD $(\cross 10^{-9})$
$\Vert B-\hat{U}\Sigma\hat{V}^{T}\Vert_{um}\wedge$. $\Vert\hat{V}-V\Vert.un$ $||\hat{V}^{T}\hat{V}-I\Vert.um$
DBDSQR I-SVD DBDSQR I-SVD DBDSQR I-SVD
0.0690 398 102 4.14 0.0831 0.324
‘Itible 3: DBDSQR I-SVD (sec.)
$m=1000$ $m=2000$ $m=6000$
DBDSQR I-SVD DBDSQR I-SVD DBDSQR I-SVD
44.92 113 43212 4.91 4257360 4373
, ,
. 2 Cholesky (20) , $B$ $m$
(35) .
$D_{\rho}e_{\rho}=\gamma_{j,\rho}e_{\rho},$ $N_{\rho}e_{\rho}=e_{\rho},$ $D_{\rho}N_{\rho}\epsilon_{\rho}=N_{\rho}D_{\rho}e_{\rho}$ , $v_{j}$
$N_{\rho}^{T}v_{j}=e_{\rho}$ (36)
, $v_{j}$ $(B^{T}B-\hat{\sigma}_{j^{2}}I)v_{j}=\gamma_{j,\rho}e_{\rho}$ , $\theta_{j^{2}}$ $B^{T}B$
. $D_{\rho}$ $D^{+}(k)\neq 0$ $D^{-}(k)\neq 0$ , 1 (36)
$v_{j}$
$v_{j}(k)=\{\begin{array}{ll}1, (k=\rho),-N(k)v_{j}(k+1), (k=\rho-1,\rho-2,\ldots, 1),-N(k-1)v_{j}(k-1), (k=\rho+1,\rho+2,\ldots,m)\end{array}$
.
$m$ . , $k$ $O(km)$ ,
$O(m^{2})$ .
[23] . Table 2 $m=1000$ 100
. Demmel-Kahan $QR$
LAPACK DBDSQR 1
($O(m)$ ) I-SVD , DBDSQR 1\sim 2
, $||V-V||_{um}$ , I-SVD .
, $||*||_{um}$ . Tabe13 2
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